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Smith's curve is precisely .the Hamiltonian hodograph for an imaginary particle moving at each instant with the same velocity and the same direction as the particle of fluid passing, at the same instant, through the point referred to.]
50. In the case of a projectile (§ 44), the horizontal component of the velocity is unchanged, and the vertical component increases uniformly. Hence the hodograph is a vertical straight line, whose distance from the origin is the horizontal velocity, and which is described uniformly,
5L To prove Hamilton's proposition {§ 49), let APS be a portion •of a conic section ami £ one focus. Let P move so that •describes equal areas in equal times, that is (§ 48), let the velocity be' inversely as the perpendicular SY from. S to the tangent to the orbit. If AJIP be an ellipse or .hyperbola, the intersection of the perpendicular with the tangent lies in the circle YAZ, whose diameter is the major axis. Produce YS to cut the circle again in Z. Then J1V. .SVT is constant, and therefore SZ is inversely as »ST, that is, SZ is proportional to the velocity at /'. Also SZh perpendicular to the direction of motion PYt and thus the circular locus of Z is the luulograph turnt-d through a right angle about ..V in the plane of the orbit. It" APtf be a p.tt.tb«»l,^ AY is a straight line. But if another point f/be takru in F.V produced, so that YS,SU\$ constant, tlu* lm-u« of Wvi easily ?iccn tube u. •circle. Hence the proposition is generally true fbr all omit: "<ri.ti«jj^. The hodograph surrounds its; origin [u» the figure *howr»j if the orbit be an ellipse, passes through it when the orbit is a jnmibulu, and the origin is without the hodograph if the orbit is a hyperbola.
52. A reversal of tin* demonstration <»f (J 51 Nhows th.it, if the acceleration be towards a lixt-d ptwit, and if thr hmlvi^r.ipfu t»r a •circle, the orbit must be a conic skx.tion of whidi the lurif pujjic is a'focus.
-But we may also prove this important proposition m fulluwsj Let A be the centre of the circle, and 0 me hudographic origin. Join  OA   and draw the   pcrpcnditmlurt PM to OA and OJV to PA.    Then OP          ^—~~—.\
is the velocity in the orbit: and OJV, being       /^             *"\ p
parallel to the tangent at /* is the dircc-      7                      ''
tion of acceleration in the orbit; and is therefore parallel to the radius-vector to the fixed point about which there is equable; description of areas. The velocity parallel to the radius-vector is therefore ON", and the velocity perpendicular to the fixed Hoc
OA is JPM    But        B       B constant
